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Questions
• What	can	I tell	you	about	RL?
• What	is	common	to	all	three	classes	of	methods?	– DP,	
MC,	TD

• What	are	the	principle	strengths	and	weaknesses	of	
each?

• In	what	sense	is	our	RL	view	complete?
• In	what	senses	is	it	incomplete?
– What	are	the	principal	things	missing?

• The	broad	applicability	of	these	ideas…
• What	does	the	term	bootstrapping	refer	to?
• What	is	the	relationship	between	DP	and	learning?
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Today’s	Lecture
• Yesterday,	we	discussed	one-step	tabular	
model-free	TD	methods

• Today,	we	will	look	at	methods	that	are:
– multi-step,
– approximate,	and
– model-based

• But	first,	some	additional	“advanced”	topics
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Afterstates
• Usually,	a	state-value	function	evaluates	states	in	
which	the	agent	can	take	an	action.

• Sometimes	it	is	useful	
to	evaluate	states	
after the	agent	has	
acted.

• Remember	tic-tac-toe:

12 CHAPTER 1. THE REINFORCEMENT LEARNING PROBLEM

way of playing.

This example illustrates the di↵erences between evolutionary methods and the
methods that learn value functions. To evaluate a policy an evolutionary method
holds the policy fixed and plays many games against the opponent, or simulates
many games using a model of the opponent. The frequency of wins gives an unbiased
estimate of the probability of winning with that policy, and can be used to direct
the next policy selection. But each policy change is made only after many games,
and only the final outcome of each game is used: what happens during the games
is ignored. For example, if the player wins, then all of its behavior in the game is
given credit, independently of how specific moves might have been critical to the
win. Credit is even given to moves that never occurred! Value function methods, in
contrast, allow individual states to be evaluated. In the end, evolutionary and value
function methods both search the space of policies, but learning a value function
takes advantage of information available during the course of play.

This simple example illustrates some of the key features of reinforcement learning
methods. First, there is the emphasis on learning while interacting with an envi-
ronment, in this case with an opponent player. Second, there is a clear goal, and
correct behavior requires planning or foresight that takes into account delayed e↵ects
of one’s choices. For example, the simple reinforcement learning player would learn
to set up multi-move traps for a shortsighted opponent. It is a striking feature of
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Figure 1.1: A sequence of tic-tac-toe moves. The solid lines represent the moves taken
during a game; the dashed lines represent moves that we (our reinforcement learning player)
considered but did not make. Our second move was an exploratory move, meaning that
it was taken even though another sibling move, the one leading to e⇤, was ranked higher.
Exploratory moves do not result in any learning, but each of our other moves does, causing
backups as suggested by the curved arrows and detailed in the text.
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Afterstates
• Why	is	this	useful?

• What	is	this	in	general?
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Reward	Shaping
• Incorporate	domain	knowledge	to	provide	additional	
rewards	during	an	episode	

• Guide	the	agent	to	
learn	faster	

• (Optimal)	policies	
preserved	give	a	
potential-based	
shaping	function
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Reward	Shaping
Q-learning:

Q "!, $! ← Q "!, $! + ' (!"# + )max$ Q "!"#, $ − Q "!, $!
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Reward shaping :
– Provide heuristic knowledge by an additional reward
Q "!, $! ← Q "!, $! + ' (!"# + ) ", "$ + *max% Q "!"#, $ − Q "!, $!
– Potential-based reward shaping:
! ", "! =	$(Φ "! −Φ(s)
F s, s! : Additional	reward	when	moving	from	state	"	to	"!
$: Discount factor
Φ(s): Potential of state s

Ng et al. “Policy	Invariance	Under	Reward	Transformations: Theory	And	Application	
To	Reward	Shaping.”	ICML,	1999.



Learning	Without	Value	Functions

• Common	among	all	methods	we	have	discussed:
– DP,	MC,	TD	(Sarsa,	Q-learning,	R-learning)
– They	all	use	value	functions!

• Policy	! is	based	on	value	functions

• We	can	also	learn	by	directly	manipulating	the	policy	
instead	of	first	looking	for	the	optimal	value	function

• Examples:	learning	automata,	evolutionary	algorithms

8



Actor-Critic	Methods
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Multi-Step	TD
• So	far	we	have	looked	at	TD	methods	that	back-up	
values	after	each	single	time	step.

• In	general,	we	could	back	up	values	over	a	longer	
range	of	steps.

152 CHAPTER 7. MULTI-STEP BOOTSTRAPPING

state one step later as a proxy for the remaining rewards. One kind of intermediate
method, then, would perform a backup based on an intermediate number of rewards:
more than one, but less than all of them until termination. For example, a two-step
backup would be based on the first two rewards and the estimated value of the state
two steps later. Similarly, we could have three-step backups, four-step backups, and
so on. Figure 7.1 diagrams the spectrum of n-step backups for v⇡, with the one-step
TD backup on the left and the up-until-termination Monte Carlo backup on the
right.

The methods that use n-step backups are still TD methods because they still
change an earlier estimate based on how it di↵ers from a later estimate. Now the
later estimate is not one step later, but n steps later. Methods in which the temporal
di↵erence extends over n steps are called n-step TD methods. The TD methods
introduced in the previous chapter all used one-step backups, which is why we call
them one-step TD methods.

More formally, consider the backup applied to state St as a result of the state–
reward sequence, St, Rt+1, St+1, Rt+2, . . . , RT , ST (omitting the actions for simplic-
ity). We know that in Monte Carlo backups the estimate of v⇡(St) is updated in the
direction of the complete return:

Gt
.
= Rt+1 + �Rt+2 + �2Rt+3 + · · · + �T�t�1RT ,

where T is the last time step of the episode. Let us call this quantity the target of
the backup. Whereas in Monte Carlo backups the target is the return, in one-step
backups the target is the first reward plus the discounted estimated value of the next

TD (1-step) 2-step 3-step n-step Monte Carlo

Figure 7.1: The spectrum ranging from the one-step backups of simple TD methods to
the up-until-termination backups of Monte Carlo methods. In between are the n-step back-
ups, based on n steps of real rewards and the estimated value of the nth next state, all
appropriately discounted.
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Multi-Step	TD
Can	be	applied	for	control	as	well,	e.g.	

n-step	Sarsa

7.2. N -STEP SARSA 157

n-step Sarsa for estimating Q ⇡ q⇤, or Q ⇡ q⇡ for a given ⇡

Initialize Q(s, a) arbitrarily, 8s 2 S, a 2 A

Initialize ⇡ to be "-greedy with respect to Q, or to a fixed given policy
Parameters: step size ↵ 2 (0, 1], small " > 0, a positive integer n
All store and access operations (for St, At, and Rt) can take their index mod n

Repeat (for each episode):
Initialize and store S0 6= terminal
Select and store an action A0 ⇠ ⇡(·|S0)
T  1
For t = 0, 1, 2, . . . :
| If t < T , then:
| Take action At

| Observe and store the next reward as Rt+1 and the next state as St+1

| If St+1 is terminal, then:
| T  t + 1
| else:
| Select and store an action At+1 ⇠ ⇡(·|St+1)
| ⌧  t� n + 1 (⌧ is the time whose estimate is being updated)
| If ⌧ � 0:

| G 
Pmin(⌧+n,T )

i=⌧+1 �i�⌧�1Ri

| If ⌧ + n < T , then G G + �nQ(S⌧+n, A⌧+n) (G(n)
⌧ )

| Q(S⌧ , A⌧ ) Q(S⌧ , A⌧ ) + ↵ [G�Q(S⌧ , A⌧ )]
| If ⇡ is being learned, then ensure that ⇡(·|S⌧ ) is "-greedy wrt Q
Until ⌧ = T � 1

Path taken
Action values increased

by one-step Sarsa
Action values increased

by Sarsa(!) with !=0.9by 10-step Sarsa

G G G

Figure 7.4: Gridworld example of the speedup of policy learning due to the use of n-step
methods. The first panel shows the path taken by an agent in a single episode, ending at
a location of high reward, marked by the G. In this example the values were all initially 0,
and all rewards were zero except for a positive reward at G. The arrows in the other two
panels show which action values were strengthened as a result of this path by one-step and
n-step Sarsa methods. The one-step method strengthens only the last action of the sequence
of actions that led to the high reward, whereas the n-step method strengthens the last n
actions of the sequence, so that much more is learned from the one episode.
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Eligibility	Traces

• Most	famous	implementation	of	n-step	TD
• State-action	pairs	are	eligible for	future	rewards,	with	
more	recent	states	getting	more	credit
– Keep	a	trace or	history	of	state-action	pairs
– Trace	decays	over	time
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Function	Approximation
• So	far	we	have	used	a	tabular	notation	for	value	
functions

• For	large	state	and	actions	spaces	this	approach	
becomes	intractable

• Function	approximators can	be	used	to	generalize	over	
large	or	even	continuous	state	and	action	spaces

Examples:
– Tile	coding
– Gaussian	processes
– Neural	networks
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Function	Approximation
For	example,	Tile	Coding
• Uses	overlapping	tilings to	represent	a	continuous	multi-

dimensional	space
• Each	state	is	represented	by	the	combination	of	tiles	that	is	

active

9.5. FEATURE CONSTRUCTION FOR LINEAR METHODS 211

In tile coding the receptive fields of the features are grouped into partitions of the
input space. Each such partition is called a tiling, and each element of the partition
is called a tile. For example, the simplest tiling of a two-dimensional state space is a
uniform grid such as that shown on the left side of Figure 9.9. The tiles or receptive
field here are squares rather than the circles in Figure 9.6. If just this single tiling
were used, then the state indicated by the white spot would be represented by the
single feature whose tile it falls within; generalization would be complete to all states
within the same tile and nonexistent to states outside it. With just one tiling, we
would not have coarse coding by just a case of state aggregation.

To get the strengths of coarse coding requires overlapping receptive fields, and by
definition the tiles of a partition do not overlap. To get true coarse coding with
tile coding, multiple tilings are used, each o↵set by a fraction of a tile width. A
simple case with four tilings is shown on the right side of Figure 9.9. Every state,
such as that indicated by the white spot, falls in exactly one tile in each of the four
tilings. These four tiles correspond to four features that become active when the
state occurs. Specifically, the feature vector �(s) has one component for each tile in
each tiling. In this example there are 4 ⇥ 4 ⇥ 4 = 64 components, all of which will
be 0 except for the four corresponding to the tiles that s falls within. Figure 9.10
shows the advantage of multiple o↵set tilings (coarse coding) over a single tiling on
the 1000-state random walk example.

An immediate practical advantage of tile coding is that, because it works with
partitions, the overall number of features that are active at one time is the same
for any state. Exactly one feature is present in each tiling, so the total number of
features present is always the same as the number of tilings. This allows the step-
size parameter, ↵, to be set in an easy, intuitive way. For example, choosing ↵ = 1

m ,
where m is the number of tilings, results in exact one-trial learning. If the example
s 7! v is trained on, then whatever the prior estimate, v̂(s,✓t), the new estimate will
be v̂(s,✓t+1) = v. Usually one wishes to change more slowly than this, to allow for
generalization and stochastic variation in target outputs. For example, one might
choose ↵ = 1

10m , in which case the estimate for the trained state would move one-

Point in 
state space

to be
represented

Tiling 1
Tiling 2

Tiling 3
Tiling 4Continuous 

2D state 
space

Four active
tiles/features 

overlap the point
and are used to 

represent it

Figure 9.9: Multiple, overlapping grid-tilings on a limited two-dimensional space. These
tilings are o↵set from one another by a uniform amount in each dimension.
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Learning	and	Planning:	Model-based	TD

• Planning:	any	computational	method	that	takes	a	
model	as	input	and	produces	or	improves	a	policy	for	
interacting	with	the	modelled	environment

• Dynamic	Programming	is	a	planning	method

• Monte	Carlo	and	TD	methods	are	not

• But:	many	commonalities!	Can	we	combine	both?
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Learning	and	Planning:	Model-based	TD

170 CHAPTER 8. PLANNING AND LEARNING WITH TABULAR METHODS

the model and thereby interact with planning. It may be desirable to customize the
planning process in some way to the states or decisions currently under consideration,
or expected in the near future. If decision-making and model-learning are both
computation-intensive processes, then the available computational resources may
need to be divided between them. To begin exploring these issues, in this section we
present Dyna-Q, a simple architecture integrating the major functions needed in an
on-line planning agent. Each function appears in Dyna-Q in a simple, almost trivial,
form. In subsequent sections we elaborate some of the alternate ways of achieving
each function and the trade-o↵s between them. For now, we seek merely to illustrate
the ideas and stimulate your intuition.

Within a planning agent, there are at least two roles for real experience: it can be
used to improve the model (to make it more accurately match the real environment)
and it can be used to directly improve the value function and policy using the kinds of
reinforcement learning methods we have discussed in previous chapters. The former
we call model-learning , and the latter we call direct reinforcement learning (direct
RL). The possible relationships between experience, model, values, and policy are
summarized in Figure 8.1. Each arrow shows a relationship of influence and presumed
improvement. Note how experience can improve value and policy functions either
directly or indirectly via the model. It is the latter, which is sometimes called indirect
reinforcement learning, that is involved in planning.

Both direct and indirect methods have advantages and disadvantages. Indirect
methods often make fuller use of a limited amount of experience and thus achieve
a better policy with fewer environmental interactions. On the other hand, direct
methods are much simpler and are not a↵ected by biases in the design of the model.
Some have argued that indirect methods are always superior to direct ones, while
others have argued that direct methods are responsible for most human and animal
learning. Related debates in psychology and AI concern the relative importance
of cognition as opposed to trial-and-error learning, and of deliberative planning as
opposed to reactive decision-making. Our view is that the contrast between the
alternatives in all these debates has been exaggerated, that more insight can be gained

planning

value/policy

experiencemodel

model
learning

acting

direct
RL

Figure 8.1: Relationships among learning, planning, and acting.

8.2. DYNA: INTEGRATING PLANNING, ACTING, AND LEARNING 171

by recognizing the similarities between these two sides than by opposing them. For
example, in this book we have emphasized the deep similarities between dynamic
programming and temporal-di↵erence methods, even though one was designed for
planning and the other for model-free learning.

Dyna-Q includes all of the processes shown in Figure 8.1—planning, acting, model-
learning, and direct RL—all occurring continually. The planning method is the
random-sample one-step tabular Q-planning method given in Figure 8.1. The di-
rect RL method is one-step tabular Q-learning. The model-learning method is also
table-based and assumes the world is deterministic. After each transition St, At !
Rt+1, St+1, the model records in its table entry for St, At the prediction that Rt+1, St+1

will deterministically follow. Thus, if the model is queried with a state–action pair
that has been experienced before, it simply returns the last-observed next state and
next reward as its prediction. During planning, the Q-planning algorithm randomly
samples only from state–action pairs that have previously been experienced (in Step
1), so the model is never queried with a pair about which it has no information.

The overall architecture of Dyna agents, of which the Dyna-Q algorithm is one
example, is shown in Figure 8.2. The central column represents the basic interaction
between agent and environment, giving rise to a trajectory of real experience. The
arrow on the left of the figure represents direct reinforcement learning operating
on real experience to improve the value function and the policy. On the right are
model-based processes. The model is learned from real experience and gives rise to
simulated experience. We use the term search control to refer to the process that
selects the starting states and actions for the simulated experiences generated by the
model. Finally, planning is achieved by applying reinforcement learning methods
to the simulated experiences just as if they had really happened. Typically, as in

real

direct RL

update

Model

planning update

search

control

Policy/value functions

experience

model
learning

Environment

simulated
experience

Figure 8.2: The general Dyna Architecture. Real experience, passing back and forth between
the environment and the policy, a↵ects policy and value functions in much the same way as
does simulated experience generated by the model of the environment.

MC	/	TD

DP

Dyna-Q	framework 16



Wrap-up
• We	discussed	different	learning	architectures:
– Based	on	advice
– Actor-critic
– Direct	policy	learners
– Multi-step	TD	&	Eligibility	Traces
– Function	approximation
– Model	learning	&	Planning

• Of	course,	there	is	more…
– Deep	learning	(coming	up	next!)
– Multi-agent	learning (in	March)
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